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Abstract 
Aerospace and military components must be designed and tested to withstand shock and vibration environments in 
terms of shock response spectrum (SRS) and power spectral density (PSD) specifications.  Shock tests are usually 
more difficult to configure and control in the test lab.   Furthermore, some lower and mid-level SRS specifications 
may lack the true damage potential to justify shock testing.    The purpose of this paper is to demonstrate a comparison 
method based on the fatigue damage spectrum (FDS) to determine whether the random vibration test covers the shock 
requirement.  This method is found to be effective within a framework of assumptions. 
© 2015 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the Czech Society for Mechanics. 
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1. Introduction 
A method for assessing the severity of a shock specification was given in Reference [1], based on the work of Hunt, 
Gaberson, Steinberg, et al. The conclusion was that a shock specification falling below a certain pseudo velocity limit 
could potentially be omitted from the test program depending on the component’s material properties.  Caveats  
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were also given such as the need for shock testing fragile spacecraft instruments regardless of the velocity.  A typical 
velocity severity threshold is 100 in/sec (254 cm/sec) for military quality equipment, with some references applying 
a 6 dB margin which reduces this limit by one-half.  This threshold is defined in part by the observation that the 
velocity which causes yielding in mild steel beams is about 130 in/sec (330 cm/sec) per References [1] and [2].  Also 
note that aerospace and military standards for electronic equipment, such as Reference [3], define a shock severity 
threshold as 0.8 G/Hz times the natural frequency in Hz, which is equivalent to 50 in/sec (127 cm/sec).  
Reference [1] also mentioned that the argument to skip shock testing could be strengthened if the random vibration 
test was rigorous enough to cover the shock requirement.  This approach was previously given in Reference [4] for 
the case of peak response. The fatigue method presented in this paper should give greater weight to the random 
vibration test than the pure peak response method of Reference [4]. 
This study uses numerical simulations to compare the effects of random vibration and shock via rainflow cycle 
counting and fatigue damage spectra.  The comparison can then be used with other factors to determine whether a 
random vibration test covers a shock requirement. 
Nomenclature 
A response amplitude from the rainflow analysis 
b fatigue exponent 
c damping coefficient 
D relative damage index 
fn natural frequency  
k  stiffness 
m mass 
n number of cycles corresponding to response amplitude 
Q amplification factor 
x absolute displacement of mass 
y base displacement 
2.  Assumptions 
 
 
 
 
 
 
 
 
 
 
   Fig. 1.  Single-degree-of-freedom System Subject to Base Acceleration. 
 
 
 
a) The component can be modelled as a linear single-degree-of-freedom (SDOF) system, as shown in 
Figure 1. 
  m 
     k c 
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b) The peak shock and vibration pseudo velocity response levels fall below the threshold for the 
corresponding material in Reference [1], or below 100 in/sec (254 cm/sec) for an electronic 
component. 
c) The resulting shock and vibration response stress levels are below the material yield point. 
d) Fatigue is the only potential failure mode. 
e) The lower level, longer duration random vibration test may be effectively substituted for the high-
amplitude, brief-duration shock test. 
f) There are no failure modes due to peak relative displacement, such as misalignment, loss of sway 
space, mechanical interference, etc. 
g) There are no shock-sensitive mechanical switches, relays or reed valves, which might experience 
chatter or change-of-state during shock. 
h) There are no extra-sensitive piece parts such as crystal oscillators, klystrons, travelling wave 
tubes, magnetrons, etc.  
i) The piece parts are Mil-spec quality and have been previously qualified to shock levels similar to 
those in MIL-STD-202, MIL-STD-883, etc.  
j) The natural frequency, amplification factor Q and fatigue exponent b, can be estimated between 
respective limits. 
 
For electronic components, the effective assumption is that the failure mode would be broken solder joints or lead 
wires due to circuit board bending fatigue per Reference [5].    
Modelling a component as an SDOF system is a simplification, but the SRS specification format is effectively based 
on this assumption.  In addition, Steinberg makes the SDOF assumption for electronic components throughout 
Reference [5].  This assumption is often needed because electronic components are typically “black boxes” in terms 
of their internal mechanical behaviour.  Programs driven by cost and schedule avoid allocating charge numbers for 
circuit board level modal analysis and testing.  Nevertheless, the concepts in this paper can be extended for the case 
of a multi-degree-of-freedom (MDOF) system provided the component modal parameters are known.  This will be 
the subject of a future paper. 
3. Rainflow Cycle Counting 
SDOF responses must be calculated for each fn and Q of interest, for both the PSD and the for SRS.  The fatigue 
exponent is not required for these steps. 
A representative time history can be synthesized for the SRS. The Smallwood, ramp invariant, digital recursive 
filtering relationship is then used for the response calculation per Reference [6].  The rainflow cycles can be calculated 
from the time domain response via Reference [7].  In addition, response PSDs can be calculated for the base input 
PSD using the textbook SDOF power transmissibility function.  The rainflow cycles are then tabulated from the 
response PSDs via the Dirlik method in References [8] and [9]. 
4.  Fatigue Damage Spectrum 
A relative damage index can be calculated from the response rainflow cycles using 
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The FDS expresses the damage D as a function of natural frequency with the Q and b values duly noted. The amplitude 
convention for this paper is:  (peak-valley)/2.  The comparison results would be the same if the range were used 
instead, as long at the same convention is applied to both the shock and vibration.   
 
5. Numerical Example for Comparing Test Environments 
 
 
 
 
 
 
 
Q b 
10 & 30 4 
10 & 30 9 
 
 
 
 
 
 
 
 
 
Consider a component which must be subjected to both the PSD and SRS specifications, in Figures 2 and 3 
respectively.  Note that the SRS has a peak pseudo velocity of 61.4 in/sec (156 cm/sec). Fatigue damage spectra were 
calculated for both specifications.  This was done for three response metrics:  acceleration, pseudo velocity and relative 
displacement.  Only the pseudo velocity plots are shown in this paper for brevity.  Again, this metric is favoured by 
Gaberson et al. due to the stress-velocity relationship. 
 
The component natural frequency was an independent variable from 20 to 2000 Hz.  The amplification factor was set 
at either Q=10 or 30. The fatigue exponent was set at either b=4 or 9. There are thus four combinations for both shock 
and vibration.  The b=4 value is a common lower estimate limit for electronic equipment.  The b=9 value is typical 
for bare aluminium.   Note that Steinberg used an intermediate value of b=6.4 for electronic components in Reference 
[5].   
 
The initial synthesis for the SRS was performed using a damped sine function series, so that the shock would 
“resemble” a pyrotechnic event.  The time history was then reconstructed as a wavelet series so that the corresponding 
 
 
 
               Fig. 2.  PSD Specification, Duration 180 seconds/axis. 
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velocity and displacement time histories each had a zero net value.    Both the synthesis and reconstruction methods 
were performed used trial-and-error with convergence per Reference [10]. The final time history is shown in Figure 
4.  The resulting positive and negative SRS curves comply with the test specification within tolerance bands as shown 
in Figure 3.  Note that the time history is not unique.  The SRS specification may be satisfied by other waveforms.  
Additional examples could be synthesized for rigor.  But a single waveform might be sufficient for “ballpark” 
comparisons.   
 
 
                      
     Fig. 3.  Shock Specification. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                   
     
     Fig. 4.  Synthesized Time History for the SRS Specification.   
10
100
1000
10000
5
10 100 1000 10000
Spec & 3 dB tol
Negative
Positive
Natural Frequency (Hz)
Pe
ak
 A
cc
el
 
(G
)
Shock Response Spectrum Q=10
 
-1000
-500
0
500
1000
0 0.05 0.10 0.15 0.20 0.25 0.30
Time (sec)
Ac
ce
l (G
)
Synthesized Time History
Nat Freq 
(Hz) 
Accel  
(G) 
10 10 
2000 2000 
10,000 2000 
 
216   Tom Irvine /  Procedia Engineering  101 ( 2015 )  211 – 218 
 
6. Comparison Results 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 5.  Shock and Vibration FDS Comparison. 
 
The FDS comparisons for the four combinations are shown in Figure 5 and summarized in Table 1.   The Q and b 
values are duly noted. The plots are best paired column-wise by fatigue exponent.  The two on the left have fatigue 
exponent b=4.  Those on the right have b=9.  Further investigation into the component’s natural frequency and fatigue 
exponent would be required to determine whether the PSD covered the SRS for this example. 
Table 1.  FDS Comparison Summary 
 
Q b Results 
10 & 30 4 The damage curves from the PSD enveloped the SRS over the frequency domain up to 1900 Hz. 
10 & 30 9 The results were mixed, but the SRS curves tended to envelope the corresponding PSD curves. 
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7. Optimized PSD Envelope 
 
 
 
               Fig. 6.  Optimized PSD Envelope.                                          Fig. 7.  FDS Comparison. 
 
 
Now consider the case where a PSD is to be derived to cover an SRS requirement.  The component will be assumed 
to have Q=30 and b=6.4, but the natural frequency is left as an independent variable.   A single Q and b pair is 
considered for simplicity, but this method can be readily adapted to cases with multiple combinations of the values. 
 
Candidate PSD functions can be derived per the method in Reference [11].  Trial-and-error with convergence is used 
in this process.  Each PSD is scaled so that its pseudo velocity FDS just envelops that of the time history synthesized 
for the SRS specification.  The optimal PSD is that which satisfies the enveloping with the least possible acceleration, 
velocity and displacement RMS levels.   The optimized PSD for the shock time history in Figure 3 is shown in Figure 
6.  This level accounts for three shocks/axis.  The PSD is justified via the FDS comparison in Figure 7. 
 
8.  Conclusions 
Rainflow FDS curves can be calculated for both PSD and SRS functions.   The curves can then be superimposed on 
the same graph to compare the damage potential for each environment.   This was done for the examples in this paper.  
The relative differences between the FDS curves for the PSD and SRS for the first example were rather insensitive to 
Q but very sensitive to b, as shown in Table 1. 
 
This paper used natural frequencies limits of 20 to 2000 Hz, Q limits of 10 and 30, and b limits of 4 and 9.  Ideally, 
the estimates for fn, Q and b could be narrowed for an actual component, compared with the hypothetical limits used 
in this paper.  The narrowing would potentially eliminate some unneeded conservatism.  Limits can be established 
using analysis, in-house testing, and published data in references.  But limits are ultimately a matter of engineering 
judgement. 
 
Note that electronics box circuit boards typically have their fundamental bending frequencies from 200 to 800 Hz, 
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based on the author experience as well as Reference [5].    The natural frequency limits could be narrowed for some 
components using hand calculations per Reference [5] if the circuit board dimensions and mass are known.  But upper 
and lower frequency limits are advisable due to uncertainties especially for the boundary conditions.  Test data from 
similar components could also be used for both fn and Q.  The amplification factor Q cannot be predicted via analysis, 
rather testing is required.  Furthermore, Q may vary nonlinearly with input level such that upper and lower estimates 
are needed.   The fatigue exponent b is the most difficult to measure and should be allowed wide variation if necessary 
for conservatism. 
 
The FDS comparison technique can also be used as a basis for enveloping a shock event with a PSD optimized in 
terms of the least possible overall levels, as shown in the second example.  As an extension of this work, a method 
will be developed for estimating the FDS of an SRS directly, bypassing the time history synthesis step.  Finally, the 
software used for calculating the functions in this paper is available at Reference [12].  The software includes source 
code and is offered freely as a community service. 
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